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LETTER TO THE EDITOR

Bosonic Fock representations of the affine-Virasore algebra

Xu-Feng Liu and Min Qian
Department of Mathematics, Beijing University, Beijing 100871, People’s Republic of China

Received 16 December 1993

Abstract. Bosonic Fock representations of the Virasoro algebra and the affine Lie algebras
attached to classical Lie algebras with non-zero centres are explicitly presented. Based on these,
Fock representations of the affine-Virasoro algebra are constructed. An auntomorphism of the
affine-Virasoro algebra is also given,

In recent years, the Virasoro algebra and affine Lie algebras have attracted more and more
attention from both mathematicians and physicists because of their increasing importance in
such domaing of theoretical physics as soliton theory, conformal field theory and quantum
inverse scattering theory [1-3]. At first sight, these two types of infinite dimensional Lie
algebras seem quite different, but this is an illusion. As a matter of fact, the Virasoro
algebra is a non-trivial central extension of the algebra of vector fields on the circle §1
and an affine Lie algebra is nothing else but a central extension of a loop algebra, which
can be regarded as the Lie algebra of a loop group (mappings from S! to a compact Lie
group) [4]. So the Virasoro algebra has a natural action on an affine Lie algebra. This close
relationship strongly suggests that they be considered simultaneously, i.e. as one algebraic
structure, and hence has led to the definition of the so-called affine-Virasoro algebra [5].
As for the bosonic Fock representation of the affine-Virasoro algebra, the famous Sugawara
construction provides the first example [5, 6], and as far as we know it is also the unique
type of bosonic Fock representation presently known. On the other hand, there have been
some free fermion realizations of the affine-Virasoro algebra [7-9]. In this letter we will
rigorously establish a new kind of representation of the affine-Virasoro algebra on bosonic
Fock spaces, which is much simpler than that given by the Sugawara construction.

Suppose g is an arbitrary Lie algebra over the complex number field C , then the loop
algebra L(g) attached to g is defined by

L(g) =g ®Clt,t7'1.

If 2 symmetric bilinear form (.} on g satisfying the condition
{A,[B,C]I) = {[A, BL,C} YA,B,Ceg

is given, L(g) can be extended to the affine Lie algebra g:
¢=geClt,t oc

with the commutation relation
[X(m), Y@)] =[X,¥(m +n)+ m{X, ¥)épac VX, Yeg
[e, X(m)]=0
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where X(m) = X @ ™.

Now denote by & the Lie algebra C[z, ¢7'1(d/dt) of polynomial vector field on the
circle. Obviously, the elements d,, = —"t'(d/df)(m < Z) constitutc a basis of
C[¢t, t~")(d/dt). The so-called Virasoro algebra is, by definition, a non-trivial centra!
extension of C[t,¢~!](d/dz). Namely, the Virasoro algebra Vir is a Lie algebra with the
basis {d, m € Z, £} and the following commutation relations

{dm, dnl = (m — 8)dman + S, —nB(m° —m) /2

] 2
[dm ’ E] =0. )
As is easily seen, the Lie algebra C{z, r“}j‘; acts on L(g);
[dp, g @1"] = —ng @ ™", (3)

Thus we have the natural semi-direct product L(g), €4 as a Lie algebra. The affine-Virasoro
algebra g @ Vir attached to the Lie algebra g is defined as the central extension of L{g) @4
by Cc ® C¢. To be more precise, we have the following:

Definition. Let X;(i = 1,2...,n) be a basis of an arbitrary Lie algebra g. Then the
affine-Virasoro algebra § ¢ Vir attached to g is defined as a Lie algebra with the basis
{dny Xi(m),c,CimeZ, i =1,2,...,n} and the commutation relations (1), (2) and (3).

Remark. In [5] the commutation relation
{dn, Xi(n)] =0

instead of {3) is introduced in the definition of the affine-Virasoro algebra. It is evident
from the context that this is a mistake,

The mair purpose of this letter is to construct a bosonic Fock space representation
of § & Vir with g being a classical Lie algebra. To this end, we will begin with the
construction of such a representation of an affine Lie algebra, then we turn to consider the
Virasoro algebra, and finally we combine the obtained results in a natural way.

For convenience, we prepare the following definition of a set I and two functions ¥y
on Z, the integer ring:

[ = {{ma)aezlma € Z+: my = 0 for le| > 0}

1 ifez0

Y =
+(@) {0 ifa <0

Y.(g)=1—Y.(o).

Then, we consider the boson algebra generated by the infinitely many creation and
annihilation operators aff (@), ai(@)d = 1,2,...,N,¢ € E) with the following
commutation relations

[a; (), af(ﬁ)] = &;;8up ]
[a]" (), ﬂf(ﬁ)] = [ai{e), a;(B)] =0
and the Fock space Fy(00) associated with it:

Fiu(00) = Span{Tlsa ;™ (@)|0}| Mia)e € I, %7 (@10} =0,i =1,2,...,N, e € Z}.



Letter to the Editor L133
Here, we have used the notations
Xi @) = Ye@@ah @) + Yo@a@)  x7(@) = Y-(@)a (@) + Yi(@a).

Let g be an arbitrary Lie algebra and (p, V) be an N-dimensional representation of it,
where V is the representation space and p the homomorphic mapping from g to EndV. For
each X(m) € g, consider the operator

N N
RXm) =3 30X 1 af (@ — m)ay(@) : 44 Y (0X)yai (—m) reC @
aeZ i, j=1 i,jml
on .’?‘N(oo). Here the normal product : ; is defined as
: ;" (@a;(B) = a} (@)a;(B) + 8ij8upY-(c2)

i.e. the effect of imposing the normal product is to bring the annihilation operator to the
right. As a result, the well-definedness of the operator r(X (m)) directly follows. Now, the
following lemma is easy to verify.

Lemma 1.

N
R (X (m), af (B] = Y (pX)uai (B —m)

=

N N
[(Xm), ai(B)] = — 3 (0 X)yya(B+m)— 1Y (0X)ijSp-m

j=1 j=1
[2(X(m)), n(Y(n))] = = ([X, Y](n + 1)) + mdp,— Te(p(X) p(¥)).

We recall that for a classical Lie algebra, the bilinear form (, ) can be chosen as
(X, ¥} =Tr(p(X)p(Y)}

where o is the fundamental representation. Thus if we define m(c) = 1, the following
proposition is an immediate consequence of lemma 1.

Proposition 2. Let g be a classical Lie algebra and let p be the fundamental representation.
Then (, Fy(c0)) is a representation of the affine Lie algebra 3.

We now turn to construct a bosonic Fock representation of the Virasaro algebra. Defining
a mapping ¢ from Vir to the operator algebra on F) (o0} as

dldy) = Zcx s a (o — m)ay (@) = Za rat (e —male) :
weZ weZ (3)

6@ =2
we can prove the following.

Proposition 3. (¢, Fi(c0)) is a representation of the Virasoro algebra.
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Proof. 1t is evident that ¢ is well defined. For the commutation relation we have

[Zw tat e — m)ala) :, a+(ﬁ)] = Ba* (B —m)
1=

[Zm rat (e — ma(w) :, a(ﬁ):{ =—(B+m)a(f+m).

V35

Thus

CICARICHIEDY [er @t —m)a(@) 1, B : a* (8 — maB) ]

pek L weZ

=Y Blat (B~ n)[za rat(a ~ male) a(ﬁ)]

BeZ acZ

+ [Za tat (o —ma@) et (B — n)iia(ﬁ))

weZ

=3 B(=a* (B —n)}(B +m)a(f +m) + (B — )a* (B —m —n)a(B))

BeZ

= D (BB —ma* (B —m —ma(B) — B(B + m)a* (B ~ n)a(B +m))
BeZ

= D (B —mB¢a™(B ~m—ma(B) : —bn-n¥_(B))
BeZ

~ B(B+m)(: ™ (B —m)a(B+m) : —dn-n¥_(B — 1))
=) (B—mB—BB~m):a*(B—m—na(p):
BeZ

~ 8pin Z((ﬁ — n)BY_(B) ~ (B — n)BY_(8 —n))

= Y Blm—n):a" (B~ m—n)a(B) : +8pp(¥e(n) — ¥_(n)) Z(ﬁ n)p

BeZ
= (m — n)¢(dnsn) + am~n§(m —m}.

Here, in the proof we have used the formula
n
> 8= Linl(inl + D(in| + 1.
B=0

Having obtained Fock representauons of the Virasore algebra and affine Lie algebras,
we are prepared to prove our main result. First, let us establish a lemma. We define the
following operators on Fy(oc) :

P(dn) = ZZ« s af (@ — m)a; (@) - @) =
i=l e

then it follows directly from proposition 3 that (g, ﬁN(co)) is also a representation of the
Virasoro algebra, and we have:
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Lemma 4.

2
(B (), T(XGN] = =K1+ 1)) = S o Te(02).

Progf. The lemma is proved by calculating the following commutation relations,

N .
[5(dm), DD X af (B —ma(B) : ]

kl=1pecd

M=

Z (e : o (@ — m)a; (@) & (0 XD = af (B — m)ay(B) :]

ikd=1o.p,€Z

N
= Z ZZa(pX)ﬂ(a+(a m)aj(ﬁ)szkaa,ﬂ—n)

Lk d=I JcZ acZ
—a (IB - n)az(a)at.iaa—m.ﬁ)

N
= > (B~ B —m = w)a(p)
ki=1 peZ
= (B +m)(pX)uad (B —m)ay(B +m))
N -
=3 Y (B X : g (B —m ~m)ay(B) :
k=1 BeZ
— (B+m)(pX)u : af (B — n)a(B +m))
N
= 2 Y (B —m) X bk 18n-n¥-(B) — (B+m) (0 XDiubr 18m—n¥-(B — 1))

kl=l gL

N
= Y Y UB—nm)oX : 6 (B —m — mya(B) : —B(pX)u

kJ=1 feZ
X :af (B —m —n)a(B) :) — dp—n Te(pX) D (B —m)(X—(B) — Y(8 — 1))
BeZ
= ¥ X 2 + - ) ) —8 T X1n|2+!n|
= —nk);Z(p d : ap (B —m —n)a(f) : —dm,—Ir(p )—2
=i fei .
. |
[¢(dm) E(pxma,;*(—n)] > Y e at e —mai@) :, (pX)uay (—n)]
k=i

ik =] weZ

N
= Z Z(PX)H&'G?' (o —m)ipdy—n = —n Z (pX)uaf (—m — n).

Bkd=1 xe? k=1

A combination gives [(dn), (X (1))] as the lemma states,

We have proved the lemma for an arbitrary Lie algebra. Now, for our purpose, let us
return to the special case where g is a classical Lie algebra and where p is its fundamental
representation. As is well known, in this case, we have

Tr(pX)=10 VX eg.

Consequently, the following proposition, which is the main result of this letter, comes
directly after propositions 2, 3 and lemma 4.
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Proposition 5. Let g be a classical Lie algebra and let be its fundamental representation
of dimension N, Define the following operators on ﬁ},(oo) :

N
Yldm) =YY @ af @ —mae) Y@ =2N

weE i=]

N N
YXm) = Y (pX)y a6 @ —maj@) 1 +1 Y (0X)ijaf (~m), A e C

weZ |, j=1 ij=1
¥(c) =1

Then (v, Fy(00)) is a representation of the affine-Viarsoro algebra B & Vir.

Finally, to conclude this letter, let us give an automorphism ¢,, parameterized by a
non-zero integer z, of the affine-Virasoro algebra, by virtue of which one is able to obtain a
series of Fock representations of the affine-Virasoro algebra with different centres through

the mapping ¥ - @,.

Proposition 6. The linear mapping @, determined by the equations

1 1 € 1
pldn) = zdmz pr{dp) = ;do + 2 ( - —Z.)

%(5) =z
2:(X(m)) = X(mz) @.(€) =z¢

is an autormorphism of the affine-Virasoro algebra.
The proof is quite easy, we would rather omit it here.
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